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We  prove  that  when  correlations  in.  an  equilibria* 
classical  system  in  v— dimensions,.  ,  containing  charges 

.  p  0\ 

decar  taster*  than.  ( distance)  them  the  charge  cloud 


surrounding  particles  has  no  mnltlpole  moments  of  order  A  4k  £.  + 

a  a'^  L  <  cn  “ 


This  yields  A.+d~  sum  roles  with  A  when  the  decay  Is 

Z_  Ifl/ini 

exponential.  This  extends  previous  results  for  x&Z.  sum: 

<51  5= 

rules  and.  also  generalizes  them  to  systems  containing  fixed 


roles  with 


dipoles  Co r  higher  multipoles)'. .  Some  consequences  are  described. 0 

r 

I.  Introduction 

We  study  v -dimensional,  vz  zf  classical  charged  systems 

described  by  correlation  functions  satisfying  the  equilibrium  BGY 

(stationary  BBGKT)  hierarchy.  We  proved  earlier  [1»2J  that  if 

the  correlations  have  good  clustering  behavior  then  the  net 

charge,  dipole  and  quadropole  moments  of  the  density  engendered 

by  specifying  the  positions  of  any  n-particles,  oust  vanish.  We 
« 

called  the  resulting  conditions  on  the  ('iv^l )  th  correlation 
f miction  the  O y  £ ,  3L  sum  rules.  Only  the  JL  sum  rule 

seems  to  be  generally  known.  This  is  the  only  nontrivial  one  for 
»i  in  a  homogenous  system  where  it  is  called  the  electroneu¬ 


trality  condition,  for  inhomogenous  &.  its  or  for  *1.  the 
£  —  sum  rules  are  also  relevant  &ua  useful  [5,* I. 

The  origin  of  the  sum  rules  lies  in  the  long  range  nature 
of  the  Coulomb  forces.  They  are  unaffected  by  any  finite  range 
interactions,  e.g.  hard  cores,  between  the  particles.  They  em¬ 
press  the  fact  that  correlations  cannot  decay  "faster"  than  the 
total,  l.e.  direct  plus  induced,  Interactions.  Indeed  the 


argument*  show  that,  systems  with;  power  law  potential*,  •.(» 
Lenard-Janes*.  have  similar  power  law1  doca y  o t  the  correlation* 
[II*  What  la  remarkable  about  Coulomb  systems,.  i*e*  real 
matter,  la  that  correlations  can  and  often  do  decay  each  faster 
than  any  power  law.  Exponential  or  faster  decay  can  be  proven 
rigorously  Is  one  dimension,  for  a  one  component  plasma  in  v  ■  2 
at  [4]  and  at  high  temperatures  and  low  densities  In 

all  dimensions  [5]  .  Exponential  decay  of  correlations  is  In 
fact  expected  to  hold  generally  in  the  fluid  phase  of  charged 
systems — an  expectation  based  on  experiment,  computer  simulation 
and  approximate  theories  [6J. 

In  this  note  we  extend  our  previous  results  for  JL  -  3- 
to  arbitrary  JLz  whenever  the  correlations  decay  faster  than 

then  the  charge  density  in  the  vicinity  of  any  parti¬ 
cles  contains  no  multipoles  of  order  less  or  equal  to  JL  .  In 
particular,  exponential  decay  implies  an  infinite  number  of  such 

t 

sum.  rules*  Another  extension  of  our  results  is  the  inclusion  of 
particles  with,  permanent  dipoles  (or  higher  multipoles)  in  the 
charged  system  (pure  dipoles  are  known  not  to  screen)* 

II*  Basalts 

We  consider  a  mixture  of  charged  particles  and  permanent 

*  * 

dipoles  moving  la  the  whole!/  -dimensional  space  fv  or  In  a  re¬ 
stricted  domain  iE)  defined  by  appropriate  walls*  The  particles 
of  species  4  carry  a  charge  and  a  permanent  dipole  moment 

of  strength  cL*  ;  for  some  w  ,  /(  or/and  e*  can  be  zero. 

We  denote  by  H.  and  uj  respectively  the  position  of  the  particle 


and  the  orientation:  of  Its.  dipole 


r  and 


the  notation.  ^  »  C*Lr  yx.f  to  )  and 

'  fo.  ft*  £  ,  fa-*-* 


The  particles  are  subject  to  the  action  of  external 
forces  and  interact  by  two-body  forces  of  the  form 


F (gd gJ  -  fa <u ; tz )  +  C'fc; L) *%,<!**-** 


The  finite  range  part  includes  in  particular  strong  local 

repulsion  or  hard  core  and  consists  of  charge-charge, 

charge-dipole  and  dipole-dipole  terms*  The  external  forces  can 
include  a  fixed  charge  density  lnftr  e.g.  jelllum  [11*  We  assume 
that  the  dielectric  constant  £  is  the  same  inside  and  outside  ft 
and  set  £=.  ±  ~  The  case  of  different  dielectric  media  will  be 
treated  elsewhere  *  c*f.  ,[*J. 

We  denote  by  ft  8*  ),*•*  t^xe  s*-nW^e't  densities, 

the  pair  correlation  functions,  etc****  and  introduce  the  truncated 
(Ursell)  functions 

fz  )  [mffk  U)  -f(tt)  A/.)  f*> 

f~(tl  ?,  f,)=f(tt.%Lt rl-ffftVWeh) -f’rtJf'Ut,')  (3) 

-rru)  p<n  . 

As  usual  the  equilibrium:  at  tempWrature’  T1 

are  assumed  to  satisfy  the  stationary  BBGKT-equations  [2] 


- 4  - 


F'U ‘Vf Cto) 

+t-rvJtUt>)=  £FfM  *  ?(U*J 

+  Ul  Fftt.',  2)[ffU  h  t) ■  -;.W 


where  represents  the  total  average  force  on  particle  1- 


We  shall  always 


that  the  truncated  correlation 


functions  are  absolutely  integrable. 


STL  II 


Moment gelations 


***  fCt  (It "  *>• 


excess  particle  dens It  i 


of  species  o(  given  that  there  are  particles  of  species  }  *  *  *  * 

pet  If*”  (9) 

Sfli  t*}  =  /«<•*  C^y  moment 

•  relation  expresses  the  fact  that  the  multipole  moment 

tensor  of  order  due  to  --  )  vanishes,  . 


M  (J  •,*,)  =  [/fit  ft  I  fit  It*.- U).  <7> 

T*(l)c  ,  Tftf )  -  €*  ft’*- </*<*>*,  t  ft)  - 

-  k («*!*■)*  +JLm  w-*)/*'* 


•  5  • 


We  also  writ*  o«t  box*  expUeltely  the  M(£  *  i 


the  three 


(OCP) 


fuii 


▼here-  ^  (&)  lm  the  ■$  Q-  order-  Legendre  polynomial,  &  1 » 
the  angle-  between  r  and  jj,  and.  rfr  —  o  . 

NO*.'  W  •  ...  1  '  * 

We  noe  state  our-  main  results. 

Theorem:  Let  &  ^  ^  i  >  contain  an  open  v-dlmsnsion&l 

cone  In  which  the  asymptotic  densities  o t  charged  particles  do  not 
all  vanish.  II  the  correlations  satisfy  the  condition 


/*Vft  —  U) 


for  6rOt  =0,"**), 

then  all  the  moments:  A'f  ( ^  J  /rt!  )  t  J?  1  ^  ~ 


vanish. 


We  sketch  the  proof  of  MU  'j  £)  ~0  for  a  system  of 


pure  charges  In  v  •  3.  The  general  case  is  similar. 

Proof: .  Combining  (3)  and  (4)  gives 

- 1  Frtt)*Ffg-  r*  U)~!F(t:  *  >  fft  ** 


”  A 

Let 

1&  9.  £ 


***/}**£  f  &•  »  fixed  unit  vector*  is  the  open  cone  contained 
ia.  1  and  2;  ofc £2$  shots,  using  (9),  that  the  right  hand  side 


of  CZOk  decays.  fasten  than 


/**/ 


(ft* i -tea.  *&*»  pleWa 


that 


M  WU) 

*n 


f  ..li  ■'_  :•“  —  Proceeding  by  induction^ 

r  IM*  /  4  =  >,~.s-t 

-  **"  lsml*4 


where  r^/m.  11X0  the  spherical  harmonics ► 

The  mnltlpole  expansion  of  the  Coulomb  potential  gives 


the  identity 


ft**  ..  na* 


_  (qrl****)  ^  I*  '  k" 


cm 


One  can  therefore  subtract  in  the  integrand  on  the  left  hand 
side  of  (10)  the  jf-d  first  terms  of  the  Taylor  expansion  of  the 


-  7 


■fartcf  about  9i±  .  Lam at  1  of"  [2]  imp  Has  than 


A 

Taking  tha  scalar  product  of  the  above  equation,  with 
using  (11)  yields 

i  /  r4)  ° 

n  J/r** 


for  as  opas  jet  of  unit  vectors  r  and  hence  M  ±3*0. 

III.  Discussion 

As  already  mentioned  in  the  introduction  there  is  a  wide 
'  range  of  physical  conditions  in  which  systems  containing  free 
charges  are~expected  and  in  some  cases  are  proven  to  cluster  ex¬ 
ponentially  fast.  In  these- circumstances  the  shielding  of  fixed 
charges  is  perfect— ‘the  excess  particle  density  carries  no  multi- 
pole  moments  of  any  order.  This  was  Indeed  verified  explicitely 
by  Jancovici  [H  J  for  the  V*A  OCP  /*•*»£  . 

It  would  seem  useful  and  it  may  even  be  important  to 
take  this  fact  into  account  when  constructing  approximate  theories 


and 


(12) 


of  plasma mr  toste  salts*  molten  atuir,,  tte.  If  oa«  alxtidr  hi* 
s pair  correlation  function,.  obftdw*  ftar  some  approa damte 

f  •  ■  * 

theory,  t.f»  HHCV  MSI,  ui  vuta  to  obtain.  lafOrmatrf oir  about 
the  hightr  ozdir  correlations,  an  wdlba  necessary  for  obtain¬ 
ing  micro-field  distribution*  in  n  plasms*  than  one  should  only 
use  const  ructions-  which  respect  the  sub  rules.  Similar  caution 
needs  to  be  used  in  deriving  approximate  integral  equations  for 
the  pair  correlation  by  making  some  clousure  aasatz  In  the  BGT 
hierarchy*  In  this,  connection  it  Is  is  interesting,  to  observe 
that  the  TotsuJ  i-Ichlmora  convolution  approximation  [7  X  usually 
considered  for  the  homogenous  OOP  but  readily  extended  to  the 
general  case 


%)  =  At  £ iflUUj/f'L)  +■  fikuifa Ulfa) 


'  Si  iKtJl  /** 


St 

JAW/  l  Ci 


C/3) 


indeed  sat  iff  whenever  Hff  *  &-)  0* 


This  is  perhaps  not  surprising  since  (13)  is  correct  to  first  order 
in  the  plasma  coupling  parameter  but  may  be  responsible  for  the 
good  results  one  obtains  with  this  approximation  [7]  and  should 
be  preserved  in  modifications  designed  to  improve  its  short  dis¬ 
tance  behavior. 


Systems  with  Walls 

It  appears,  rather  surprisingly,  that  when  ff  is  equal  to 
the  half-space,  l.e.  r1  >  0,  then  correlations  ''parallel  to  the 
wall"  decay  like  r£^“v  -  This  can  be  verified  explicitely  for  the 
OCP  in  v  *  2  at  Be  *  2  and  perturbationally  in  the  general 
case  [4].  An  extension  of  our  theorem  shows  that  this  is  sufficient 
for  the  JL  •  0  sum  rule  but  not  for  JL  >  0  [8].  Indeed  we  argue 
[J,8]  that  stronger  decay  which,  would  imply  the  JL  -  1  sum  rule 
would  have  some  very  unphysical,  consequences . 
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